CO 03 Arithmetic for Computer

1 Introduction

297E word & 32bits
double word Z 64bits
program counter PC + 4, IESHRRE 32 (Y

2 Signed and Unsigned Numbers

For binary integer

O The following is a 4-bit binary integer, what does it
mean?

1001,

= Don’t know! Do not know, 1s still the right answer !

O Ah, we still do not know?

O Different representations have different meanings
3 UnSigned 1001 2:910
= Signed 1001,=-1,y or -7,,?

unsigned

signed
sign magnitude
2's complement

B8, GINANE -128 £ bias KR
3 Addition, subtranction and ALU
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3.1 Overflow
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3.2 ALU



ALU SZHRHRTBRERBEN, —MILASFERTLAAYR ALU
BRI, FEESEEIRD B
MUX %%

0 Two methods constitute the ALU
m Modular design (e.g. add extensions to support add)

29

= Sharable logic with “select

O Step by step: Select
= build a single bit ALU = D_ :
= and expand it to the Result
desired width o 1
O First function: ¢ \/

= logic AND and OR
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4 Multiplication

Multiplier V3 Logic Diagram

Multiplicand

64 bits
| :

-+
\ 64-bit ALU /

| —

Shift right | (/Control
Write |- test

‘ ' 129 bits T

Product

multiplier JcfRF1E product[63:0]

WNER product[0] == 1 , FBA product[127:64]1 J0_E multiplicand, ZAIFG#
129 bit 27 RIE3EFILET e HIN&EAL

—HEEER) 64 )%, XEEAEA product[63:0]1 £ multiplier



O Set product register to '0'
O Load lower bits of product
register with multiplier

O Test least significant bit
of product register

FEIEN . a e e

4.1 Booth's Algorithm

& Tip >

1a. Add multiplicand to the left half of
the product and place the result in
the left half of the Product register

2. Shift the Product register right 1 bit

\No: < p4repetitions

< 64" repetiion? >

Yes. 64 repetitions

O Assumes: Z=yX10111100
Z=y(10000000+111100+100-100)

=y(1X 27+1000000-100)

=y(1 X 27+1 X 26.22)

=y(1 X 27+1 X 2040 X 25+0 X 24+0 X 23+0 X 22+0 X 21+0 X 20 -1 X 22 )

= y(1 X 2741 X 2640 X 25+0 X 24+0 X 23+0 X 22-1X 22 10 X 21+0 X 20)

= y X 27+yX1X20+0X 25+0 X 2440 X 23 +0 X 22-pX 22 10 X 2140 X 2)

add
1 01

Only

Only shift sub shift
11 1 00



Booth's Algorithm

O1dea: If you have a sequence of '1's
= subtract at first '1' in multiplier
= shift for the sequence of '1's
= add where prior step had last '1°

End,, ﬁ.\Eeginning
tlo{ 1) 1 1 [1) of o
— -

Middle of run

O Result:

= Possibly less additions and more shifts
m Faster, 1f shifts are faster than additions

BIESERY 1111 TTEE 10000 - 1

5 Division

Modified Division

Reduction of Divisor and ALU width by half
Shifting of the remainder

O
O
O Saving 1 iteration
O

Divisor

—l 164 bits

N/

64-bit ALU

-

Shift right
Remainder Shift left
Write

128 bits

O One cycle per partial-remainder subtraction
O Looks a lot like a multiplier!
= Same hardware can be used for both

N 6o o b b

Remainder register keeps quotient No quotient register required
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1. Shift the Remainder register left 1 bit

1

2. Subtract the Dwisor register from the
left half of the Remainder register and

place the result in the left halfof the  [*
Remainder register
Remainderp 0 X Remainder <0
Test Remainder f
3a. Shift the =0 register to the 3b. Restore the original value by adding
left, setting the new rightmost bt to 1 the Divisor register to the left half of the

Remainder register and place the sum
in the left half of the Remainder register.
Also shift the “=rmander register to the

left, setting the new rightmost bit to 0

|

‘o No: < 64™ repetition
. 64 repetition? - '

o

Yes: 64 repetition

CDone. Shift ieft hal! of Remainder nght 1 bt }

+ Dividend #J8510Z remainder[63:0]1, FHAE—\

o 35 remainder[127:64] JZ divisor, ER{RTFEIE remainder[127:6u]
o WNERERKTF 0, HBA remainder IS, FHF remainder[0] = 1
o WNRERNF 0, BPAIKE remainder[127:63] AL divisor EJ&, remainder /%, remainder[0] = 0
o AT 64 0%

o B2%, ANZERT—IR, FEE remainder F%—\I, remainder[127:6u4] E5H%{, remainder[63:0] EF

@ B LFBIEE shift left/right

« dividend #IaIESFaRA0AMN, SERELR
o B/ERY remainder FEAHI, SRIELRBIREUZ 65 X, FRLAEAR—{I



Example 7/2 for Division V3
O Well known numbers: 0000 0111/0010

iteration step Divisor Remainder
0 Initial Values 0010 0000 0111
Shift Rem left 1 0010 0000 1110

: 1.Rem=Rem-Div i 0010 | (M .
2b: Rem<0 —+Div,sll R,R;=0 | 0010 0001 1100

,  |1.Rem=Rem-Div /0010 M
2b: Rem<0 —+Div,sll R,R,=0 | 0010 0011 1000
1.Rem=Rem-Div 001 1000

> 22 Rem>0 sl RRy=1" 0010 | 0011 0001

y N0

4 1.Rem=Rem-Div 0070 8001 0001

2a: Rem>0 —sll R,R=1" 0010 | 0010 00117
Shift left half of Rem right 1 0001 0011

5.1 Signed Division

RIS ESHIRENFTE—
HAthAgERS F unsigned HiiF
! B&LEA 0, B|% overflow

6 Floating Point Numbers

sign, 1 FRHE
exp, BE bias, fp32 2 -127, fp64 2 -1023
frac, HIFRAMAY 1



Single-Precision Range

O Exponents 00000000 and 11111111 reserved

O Smallest value

= Exponent: 00000001
—> actual exponent=1 - 127 =-126

= Fraction: 000...00 = significand = 1.0
m £1.0x 27120412 %1073
O Largest value

m exponent: 11111110
—> actual exponent =254 — 127 =+127

m Fraction: 111...11 = significand = 2.0
m £2.0 x 2127 =434 x 1038

FEREB T L exp BUYE, LFRRGEH

Infinities and NaNs

O Exponent = 111...1, Fraction = 000...0
m +Infinity

= Can be used 1n subsequent calculations,
avolding need for overflow check

O Exponent = 111...1, Fraction # 000...0
= Not-a-Number (NaN)

= Indicates 1llegal or undefined result
oe.g.,0.0/0.0

6.1 FP Add
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6.2 Rounding

methods
always round up (to +o0)
always round down (to —o0)
truncate BEIZEMT
round to nearest even
mERA
0.5 Z&ERIME bit B9EHS
guard (frac[-11) | round (frac[-2]) | sticky (frac[-31)
sticky &7~ round FEHIZEIRE 1, RE 1 PA sticky FiE 1
round to nearest even {5E2Z 0.5ulp

O Rounding to nearest even (Keep LSB to 0 when extra bits

are 100)
0101010100 | 011 -> 0101010100 (+0)
0101010101 | 011 > 0101010101 (+0)
0101010100 | 100 -> 0101010100 (+0, keep LSB to 0)
0101010101 | 100 -> 0101010110 (+1, keep LSB to 0)
0101010100 | 101 -> 0101010101 (+1)
0101010101 | 101 > 0101010110 (+1)



